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FAMILIES OF PERIODIC JACOBI-PERRON 
ALGORITHMS FOR ALL PERIOD LENGTHS 

PAUL VOUTIER 


Abstract. For all integers m > n > 2, we exhibit infinite fami¬ 
lies of purely periodic Jacobi-Perron Algorithm (JPA) expansions 
of dimension n with period length equal to m along with the as¬ 
sociated Hasse-Bernstein units. Some observations on the units of 
Levesque-Rhin as well as the periodicity of the JPA expansion of 
are also made. 


1. Introduction 

The Jacobi-Perron Algorithm (JPA) is one of the generalisations of 
the ordinary continued fraction algorithm to higher dimensions. It has 
been the subject of considerable study (see, for example, [SEI). 

Let ..., j for n > 2. The JPA expansion 

of is the sequence of elements of dehned by 


li’^) 
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= a 






y ^n-1 


(Ld‘'’j.....Lahij). 


{u+1) ^ 


(i^+1) 
«1 , 


, a„_2 , <^n-l I 


a\’ -a\’ 


(u) {v) 


(u) ’ • • • ’ (v) 

a\ — al al 


(u) ’ (u) 

a) a\ 



where ^ and [-J is the greatest integer function. 

For n = 2, this is the ordinary continued fraction algorithm. When 
n = 3, this algorithm was given by Jacobi [9] and is sometimes called 
the Jacobi Algorithm. Perron [H] extended Jacobi’s dehnition to arbi¬ 
trary n. As a result, for all n > 2, the algorithm is now known as the 
Jacobi-Perron Algorithm. Following mm, we have presented it here 
in its inhomogeneous form. 
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The JPA expansion of is called periodic^ if there exist two inte¬ 
gers Iq, ii with ^0 > 0 and > 1 snch that 

Q,{i^+^i) _ fQj, z/ = ^0, ^0 + 1, • • • • 

If and are the smallest integers satisfying these conditions, then 

..., and ..., 

are called respectively the preperiod and the period of the periodic JPA 
expansion, and io and ii are their respective lengths. If io = 0, then 
the JPA expansion of is said to be purely periodic. 

When the JPA expansion is periodic and all the are algebraic 

integers, then Hasse and Bernstein [6] proved that 

^ 0+^1 —1 
e= n 

i=£o 

is a nnit in the ring of algebraic integers of Q 

This is the Hasse-Bernstein formula and e is called the Hasse-Bernstein 
unit. 

Lagrange showed that the ordinary continned fraction expansion of 
a real nnmber a is periodic if and only if a is a qnadratic irrational. 
A central problem in the stndy of mnltidimensional generalisations of 
the ordinary continned fraction expansion is to hnd, and prove, an 
analogne of this result. The following question is part of JPA folklore. 

Question. When 1, Oi,..., On-i ^ form a Q-basis of a number field 
of degree n, is the JPA expansion of (oi, ..., On-i) periodic? 

Numerical evidence suggests this is not always true for n > 3. There 
are many such tuples for which we do not know if the JPA expansion 
is periodic. For example, with ( 01 , 02 ) = our own calcu¬ 
lations (see [16]) show that io + > 30, 000 for many 4 < m < 5000, 

including m = 4, 6,11,13, 15,19, 20. In contrast, for all such JPA ex¬ 
pansions known to be periodic with m < 5000, the maximum value of 
io -\- ii is 93, occurring for m = 17. 

Furthermore, also in the forthcoming [121, we present results suggest¬ 
ing structure to the periodic behaviour of such pure cubic (and n-th 
root) JPA expansions as well as supporting evidence for the following 
conjecture. 

Conjecture 1. Let m = — x where x > 2 is a positive integer. The 

JPA expansion 0 /is not periodie. 
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— X appears to be one of many expressions of the form ax^ + bx 
with a,b E Tj for which this conjectnre is true. 

When n = 3 (i.e., the cubic case), only a few inhnite classes of 
periodic Jacobi Algorithm expansions were known and only for period 
length at most 9, until 1991 when Levesque and Rhin m produced 
inhnite classes for all period lengths of the form 3m + 1 and 4m + 1. 
They also determined the associated Hasse-Bernstein units, oj. Adam 
[2] proved that these u are fundamental units in the ring of integers, 
Z[uj]. 

In Section 15.21 we provide examples answering negatively the ques¬ 
tions of Levesque and Rhin [a on whether their Hasse-Bernstein units 
are fundamental units in the full ring of integers of Q(a;). 

For n > 4, less is known. Bernstein (see also [iniE2]) showed 

that one can construct purely periodic JPA expansions of period lengths 
1, n and n? from (ZJ" ± when n > 3, d\D and D is sufficiently 
large relative to d. In 1984, Paysant-Le Roux and Dubois |T3] showed 
that every real number held, K, of degree n-|-l contains inhnitely many 
n-tuples (cii,..., an) such that the JPA expansion of (ai,..., a„) is 
purely periodic of length n -|- 1 and {l,ai,..., On} is a Q-basis for 
K. Also, in her thesis, Adam [T] generalised the results of Levesque 
and Rhin to all n > 2 and all periods of the form kn + 1, where 
n < k < 2n — 2. 


2. Results 

Here we extend the results of Levesque and Rhin to all dimensions, 
n > 2, and all period lengths, m > n, producing inhnite families of 
expansions for each such m and n. In our expansions, the terms grow 
linearly for a hxed period length, m, rather than polynomially of degree 
m as in their work. 

We start by dehning n related recurrence sequences, 

.. .,{un-i,m} for any n-tuple (cq, Ci, ..., Cn-i) of non-negative in¬ 
tegers with Co, Cn-i > 1. Set = di^rni the Kronecker delta function, 
for 0 < i, m < n — 1, and dehne 

(1) ^i,m d" T ' ' ' T CQUi ni—n 

for i = 0,1,... ,n — 1 and all m > n. 

Theorem 1. For all integers Cq, Ci,..., c„_i, m, n, t with c„_i > Cq = 1, 
Cn-i > Cn -2 > ''' > D > 0, m > u > 2, and t > 1, let 

f{^) = ~ {Un-l,mt + Cn-l) X"' ^ + Cq) 
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and let u be the unique positive real root of f{X). The JPA expansion 
of with 

i 

(2) a® = {uj^mt + Cj) 

j=0 

for i = 1,... ,n — 1, is purely periodic of period length m and its ’s 
are as in Tabled 


V mod m 

a(^) 



0 

(wi. 

mi Cl, - • ■ , “h Cj2_i) 


1 ,... , m — n + 1 

(ci, 

■ ■ ■ 5 C/i—1) 


m — n + 2 , ...,m—] 

- (ci, 

■ ■ ■ 5 Cttt,— i/, Um—u-\-l^mi ^ • ■ 

■ 5 '^Ti~l,mi “1“ Cyi l) 

Table 1. a^^'^’s 


Furthermore, the Basse-Bernstein unit associated with this JPA ex¬ 
pansion is 

^ ^ + Un-2,m^^ ^ + ' ' ' + Ui^rn^ + Mo,m- 

Remark 1. Applying /(w) = 0 to the expression in ([2]), we can also 
write as 

^ ^ A Cj+l) Oj' •, • • • ,00 (^n—A l) ^ i ' 

This choice of our starting vector follows the advice and experience 
of Dubois and Paysant-Le Roux with finding periodic JPA expansions 
[3EIE], and in particular purely periodic ones. 

Remark 2. If cq > 1, then we get a purely periodic expansion of period 
length lcni(m, n) provided that cqIq for alH = 1,..., n — 1. It consists 
of lcni(m, n)/m repetitions of the above pattern of but with cq 
in some of the denominators. 

If Co does not divide all the other Cj’s, then computational evidence 
suggests that the expansion is not periodic. 

3. Preliminary Lemmas 

Lemma 2. Let n > 2 be an integer and 

g{X) =X'^- an-iX^-^ - an- 2 X^-^ - oq G M[X] 

with Qn-i > 1, cin-i > Oq > 0 and a„_i > a „_2 > • • • > ai > 0. Then 
g{X) has exactly one non-negative real root, oj; it satisfies a„_i < uj < 
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ttn-i + 1. For alll <i <n — 1, we have 

i—1 

(3) 0 < < 1. 

j=0 

Proof. We first establish the statement about the non-negative real root 
of g{X) and its location. 

If 0 < a: < On-i, then g{x) < —Oq < 0. From our condition on the 
coefficients of g{X), 

-—^— (®n-l + 1) ~ Q-n-1 (fln-1 + 1) ~ 0-n-l (^n-l + 1) 

(On-l + 1) 

^ (®n—1 “1“ 1) ®n—1 (®n—1 “1“ 1) ®n—1 1^0, 

since On-i > 1. Therefore, g {on-i + 1) > 0. 

As g'{x) > n {g{x) -I- Oq) /x for a; > 0, so g'{x) > 0 for x > ca. Hence 
there is only one non-negative real root of g{X). 

Since a^^oj > 0, the lower bound in (|3]) holds. 


The upper bound in ([3]) is equivalent to We know 

from g{oj) = 0, Oq > 0, a„_i > • • • > Oi and i < n — 1, that 




i—1 


j=0 j=0 

Dividing by ca” completes the proof. 




□ 


We also need relations between the elements of the recurrence se¬ 
quences dehned at the start of Section 2. Let cq, ci,..., Cn-i and 
• • •) {iin—be as there. 

Lemma 3. (a) For m > 1, 

(4) Il0,m ~ CQUn—l,m—l 

and for i = 1,... ,n — 1, 

(b) '^i,m T 

(b) For i = 1,..., n — 1 and m > i + 1, 


^i,m ^ ^ ffiTln—l,m—i+j —!• 
j=0 


Proof, (a) These relationships are immediately verihed for m < n using 
the initial conditions in the dehnitions of the sequences and observing 
that Ui^n = Q- Applying the recurrence relation ([1]) and induction 
completes the proof for m > n. 
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(b) We prove this relation using part (a) and induction. 
For i = 1, 


CiUn—l^m—1 “I" ^0,m—1 F CQUn—l,m—2i 

as required. 

Now consider 2 < i < n — 1. From ([5]), we have Ui^m = + 

and the desired relation now follows immediately by induction. 

□ 


Finally, we need some inequalities satished by elements of these re¬ 
currence sequences too. 

Lemma 4. (a) For m>n, Ui^rn ^ for i = 0,... ,n — 1 and for 

at least one such i, Ui^m > 

(b) For m > 0, > 1 for at least one i = 0,..., n — 1. 

(c) Let m > n — 1. Then Ui^m > for 2 < i < n — 1 and 

Un—ljirn ^ ^0,m‘ 

(d) Suppose that cq = 1 and c„_i > Cn -2 > • • • > ci. For m > n and 
1 < j < n — 1, 

(6) Cj — \Ui YYi—\ “|- ■ ■ ■ -f" C\Ui YYi—jJ^\ C-QUi YYi—j Si Ui jyi S 1 

for all t) < i < n — 1. For each 1 < j < n — 1, there exists i\ G 
{1,..., 77. 1 j" such that Cj—\Ui^ yyi—\ -t- * * * -j- 

ond there exists such an ii larger than any i for which equality 
holds in (jS]). 

Proof, (a) The hrst statement follows by the recurrence relation (fT|). 
since Cn-i > 1- 

Since cq > 1, for n < m < 2n — 1, we have 




m—n,m 


^ n,m—1 “1“ ^O^m—n,m—n ^ n,m—1 “1“ 1* 


For m > 2n, we can take z = 0 and apply the recurrence relation 
o. since t7o,n, • • • ,Mo, 2 n-i > 1- This establishes the second statement 
in part (a). 

(b) For m > n, this is immediate from (a). For 0 < m < tt. — 1, it 
follows from the initial values for the Ui^mS. 

(c) Applying hrst (jS]) with z = tt. — 1 and then (jl]) from Lemma [3]^a), 
we have Un-i,m = (c„_i/co) Mo,m + Un- 2 ,m-i > Mo,m by our assumption 
that Cn-\ > Co and since the Mij’s are non-negative. So we need only 
consider the hrst part of (c) in what follows. 

This is true for ttt = n — 1, since Un-i,n-i = 1 and Ui^n-i = 0 for 
7 = 0, . . . , 77 — 2. 


FAMILIES OF PERIODIC JACOBI-PERRON ALGORITHMS 


7 


Let m be an integer with n <m <2n — l and snppose that (c) holds 
for n — 1 < j < m. We can write 

^ _ f 'L ■ ■ ■ “1“ C2n—m^i,n ^n—m+* if 7 ^ TTl fl 

\ Cn-iUi^m -1 H-h C 2 n-mUi,n Otherwise, 

since C2n—m^i,n ^n—{m—n)^i,m—{m—n) and Uj^k ^ — jj ^ — R 1) 

by the dehnition of these recnrrence seqnences. 

Part (c) now follows for m by onr assnmption that it holds for n —1 < 
j < m and onr assnmption on the sizes of the q’s. 

For m > 2n, onr desired resnlt follows immediately from the fact 
that it holds for n — l<m<2n—1 and the recnrrence relation dm 
dehning the seqnences. 

(d) We start by showing that the stronger ineqnality 

(7) Cj — iMj “1“ • • • "F Ui ^n—j ^ ^i,mi 

holds for m > n if Cn-j > 1 and for m — j > n — 1 otherwise (this 
condition is best possible: with cq = c„_i = 1 and ci = • • • = c „_2 = 0, 
i = n — 2, j = 77,-1 and m = 2n — 3, we hnd that Ui^m = 0, while 

Cj—\Ui^m—l “ 1 “ ■ ■ ■ “ 1 “ '^i,ra—j !)• 

For m >n, nsing the recnrrence relation ([1]), to establish ([7]) we need 
to show that 

(8) Cj — iUi jji—i p ■ ■ ■ “1“ -|- Ui YYi—j 

^ "F ■ ■ ■ "F Cn—j-\-\Ui^Yn—j+l “1“ C-n—jUi^m—j "F ‘ ‘ ' “1“ Ui^m—ri) 

for all 1 < 7 < 77 — 1. Since Ci < • • • < c„_i, this will follow provided 
Cn-j > 1 (or if Ui^rn-j = 0, bnt we will not nse that here). 

Snppose that Cn-j = 0 and let k be the largest positive integer less 
than j snch that Cn-k > 1- Since j < rr — 1, we have Cj^k = 0 and 
provided that Ui^m-k > dZD follows. Moreover, Ui^m-k > Ui^m-j 

holds for 777 — j > 77 — 1 by part (a). 

Thns ([7]) holds nnder the stated conditions that follow it. 

We now tnrn to proving that ([6]) holds. We need only consider the 
case when m — j <77 — 1 and Cn-j = 0. Bnt in this case, Ui^m-j < 1, 
while the right-hand side of ([8]) is greater than or eqnal to the snm of 
the hrst j — 1 terms on the left-hand side. Hence ([H]) follows. 

Next, we show the existence of Zi. 

By part (b), Ui^m-n > 1 for at least one z for 777 > n, so nnder the 
conditions above (i.e., 777 > 77 if Cn-j > 1 and m — j >77 — 1 otherwise), 
there is at least one z for which we have strict inequality in ([7]) too. 
The case when m — j < n — 1 will be covered in the next paragraph. 

It only remains to show that if we have equality in ([6]) for z, then we 
have strict inequality in ([7]) for some Zi > z. From our analysis above 
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for when ([7]) holds, we know that we can only have equality in ([6]) if 
m — j < n — 1 and Cn-j = 0. So this can only occur if Ui^m-j = 1 (i-e., 
i = m — j). We take ii = min (m — fc, n — 1) > m — j = i, so 

— "h ■ ■ ■ S" — — ~1“ ‘ ' “1“ M j j ^ “I" U^^YTl—j 

^ “1“ ■ ■ ■ “1“ C-n—kUi^^m—k 

since Mq.m-i = 0, c^-i > • • • > Ci and Cn-k-i = • • • = Ci = 0. 

Notice that Ui^^m-k > 1, by our choice of ii. By our choice of k, we 
have Cn-k = 1 and Cj_k = 0. Thus Cn-kUii,m-k > 1 and Cj_kUium-k = 0. 
Therefore, we have strict inequality and for a value of ii satisfying the 
required conditions. □ 


4. Proof of Theorem [T] 

4.1. From ([2]), we have af^'’-{ui^rnt + c*) = 

From Lemma |l](c) and our assumptions in Theorem [T] on the size of 
the Cj’s, we can apply Lemma[2]with g{X) = f{X) and a, = Ui^mt + Ci. 
From (jl]) in Lemma [21 the above sum for — {ui^mt + q) is strictly 
between 0 and 1 and so 

(9) ^ T Cl, . . . , T Cn—l') ■ 


4.2. Expression for ab) independent of t. A crucial fact for us 
about is that it can be written independently of t. We establish 
such an expression now. 

From ([2]) and the above expression in ([2]) for we obtain 


i—1 

(10) af - af^ = w"* {uj^mt + Cj) uj^. 

j=0 

For i = 1,..., n — 1, we consider 



^ + • • • + Mo,m) • 
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Applying (ITOll . we have 

(^a[ ^ — a- ^ + • • • + Mo,m) 

^i-1 \ 

^ ^ Cj') Ul^ I (Un—l,m^ “1“ ‘ ‘ “1“ Wo,m) 


= OJ 


= u 


d=0 


' 2—1 


t (lln—l,m^ 4“ ■ ■ ■ “1“ IIo,m) | ^ ^ 


lUJ-' 


i—l 


A \Uyi—\ YYiLlJ 


^ + • • • + Mo,m) j 


0=0 


CiUJ-' 


0=0 


Since /(cu) = 0, we can write this last expression as 


i—l 


i—l 


bJ < \U - Cn-lU 


n—1 


CM 






2—1 

'^22—1,272^ ^ ^ 

j=0 


= OJ 


n—1 

j=i 


i—l 


0=0 




'n—1 


d=o 


' i-1 

0=0 


CM 


CM' 


.J-* 


0=0 


..W' 




o=* 


i-1 

E 

0=0 




We now show that for z = 1,..., n — 1, 


n—1 


i—l 


'n—1 


(11) o- - 5^ 


CM' 


J-* 


j=i 


E! I + j 

0=0 








i-1 

E 

vi=0 


Cjo;- 


J 


n—1 / 2—1 

E! I E! Cj'^k,m-i+j I 

k=0 \j=0 


From this, along with the relationship between and 

that dehnes a JPA, it follows that for z = 1,..., n — 1, 


( 12 ) 


a?) = 


X)fc=0 \^j=0 ^j'^k,m-l-i+jj ^ 

Cq (lln—l,m—1^ A ■ ■ ■ A IZo,m—l) 


This is immediate for z = 1,..., zz — 2. For z = n — 1, we just need 
to apply o to the coefficient of each term in the numerator to 
establish the equality. 

We prove our simplihcation by induction. Applying Lemma [3](a), 
for z = 1, the left-hand side of flTTD is Un-i,m-M"'~^ + • • • -l- Mo,m-i, as 
required. 
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We now assume that (fTTll holds for some 1 < i < n — 1 and use some 


notation to assist our argument. Dehne 




n—1 

2—1 

rCh 

-'1 

= UJ^- 


I? = 



j=i 

j=0 


n—1 


2—1 

rCh 

-'s 

= E 

and 



j=i 


j=0 


The left-hand side of ffTTl) can be written as and we 

have 


-d+i) 

n 

+ Cj 

r(*+l) 

_ 7'(i] 


1 ~ 


•) 

OJ 

-'2 

-'2 

-(i+l) _ 

j(i 

-'s 

^2,m 

and 4*+^^ 

r(v 

-[- CjCjb 

3 



— -'4 


Expanding these expressions, we hnd that 
a; 

n—1 

k=0 


The desired expression for the left-hand side of this equation can be 
written as 

(13) 


vi=o 


fc=l \j=0 


while the right-hand side is 
(14) 


n—1 


Wj, E ~\~ ^ ^ ^j^k,Tn — i-\-j — 1 I ^ E 


k=l 


j=0 


j=0 


Using Lemma [3](b), we see that the coefficients of are equal. Simi¬ 
larly, using (jl]) from Lemma [31(a) along with Lemma 131(b), the constant 
coefficient in fITT)) is zero. 

Finally, we compare the coefficients for k = 1 ,...,? 7 , — 1. Using ()Tj). 
we hnd that the coefficient of in fiTT)) minus its counterpart in flT3|) 
is 

j=0 

which is zero by again applying Lemma [31 
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This completes our proof of (ITTl) and thus (|T^ . 

4.3. Induction from to 1 < u < m — n. 

At this point, we use our assumption that cq = 1, the reason being 
that some of the below are divided by Cq, depending on the values 
of both i and u. This complicates the expressions in this subsection 
and the next one as well as resulting in a longer period, as stated above 
after Theorem [H 

Suppose that for some u satisfying 1 < u < m — n and for all 
z = 1,..., n — 1, we have 


(y) 

Oi] = 


;—n (^CiUk rn—v T CQUk^rn—y—i T ^ 




n—1 


+ ■ ■ • + UQ^rn-i 


From flT^ . this holds for v = 1, allowing us to proceed by induction. 
Thus 


al - Ci = 


n T y~~' —i ^j^k,m—y—i+j^ 


U 


Iln—l,m—^ "F ■ ■ ■ T Uo^m—i 


By Lemma 111(b), for each z = 0,...,n — 1, there exists at least one 
k G {0,..., n — 1} such that Uk^m-v-i > 1- Thus both the denominator 
and numerator of this expression are positive for all such u and so 

- Cj > 0. 

From Lemma [2], 

(15) U > Iln—l,m^ T Cn—1 ^ (t T l)c^_l ^ 2,Cn—lf 

since m > n, t > 1 and since Un-i,m > Wn-i,n = Cn-i by Lemma 111(a). 

By Lemma 111(d), we see that the coefficients of each uj^ in the nu¬ 
merator of the expression above for — Ci is at most one more than 
the coefficient of the corresponding term in the denominator. Fur¬ 
thermore, Lemma 111(d) also allows us to show that even in the worst 
case (when ii = n — 1 and we have equality in ((6]) for all 0 < z < n — 2) 

^n-2 k 

+ Z^fc=0 ^ 


a. 




— Ci <1 + 


-ui 


"^71—1,771—1/^ 

So by flT5l) . — q < 1. 

Using these expressions, we can write 


71—1 


ZZo,m-t 


(U (U 

- ar 

(y) (y) 

a\ — al 


E Tl-l I I ^-^ 2—1 

A;=0 \^k,7n—i'—i\ / jj—i ^■i'^k.TTi—i'—i+i 


2—1 


OJ 


E Tl-l f. 

k=0 ^k,77l—l/—l^ 


= O'- 


(^+1) 


2—1 


for z = 2, 


, n — 1. 
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Lastly, 


(v+1) 

O' 1 
^n—1 


'^n—1,171—1/^ “ 1 “ ■ ■ ■ “ 1 “ Uo^m—v 

^n—1 


a\ — a\ 


E n —1 h ' 

fc =0 

from our above expression for af''—Ci. The desired expression for 
holds from the recurrence relation ([1]) dehning the Uk,m-uS applied to 
the numerator. 

4.4. Induction from to m — n + l<p<m — 1. 

From our previous induction, we know that for u = m — n + 1, 


of ^ = 


u * + ^ * if 1 < i < m — z/, 

i=i 

n—1 


UJ 


i=*+i 


[ujt + Cj) * if m — p + 1 < i < n — 1. 


Now suppose for some m — n + 1 < u < m — 1, this holds. We 
proceed to determine and 
From ffTSjl . 

i—1 


0 < ca * + CjU^ * < 1, 


t=i 

and so = q for 1 <i <m — u. Thus, from Lemma [2l we have 

^ (Cl, • • • , UYn—v+l^mt' T ^m—y+1^ • • • i ^n—T ^n—l') ■ 

As before, we hrst consider = Ijoj. We then verify that 

the above expressions for hold for as well. 

Therefore, the expressions above also hold for a^l^\ which we see 
equals af\ establishing our claim that this Jacobi-Perron expansion is 
periodic with preperiod length 0 and period length m. 

4.5. The Hasse-Bernstein unit. From the expressions for the 
in Remark [H they are algebraic integers and so we can hnd the Hasse- 
Bernstein unit from the JPA expansion. To do so, note that 


e = 


m—1 

n 

u=0 


( 17 ) 

«n-l = W 


m-n+1 

n—1 T f + ' ' ' “T Uo,m+l—i/ 


n 

iy=l 


Un—l,m—u^^ ^ T ■ ■ ■ UQ^rn—7 


i_l T ■ ■ ■ “1“ 

"F ■ ■ ■ UQ^n—1 


= U 


T ■ ■ ■ UQ jyi, 


as stated. 
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5. Remarks on Hasse-Bernstein Units 

5.1. Hasse-Bernstein nnits for n = 3. For n = 3, f{X) in Theo- 
rem[T]has negative discriminant if and only if C 2 > [c^/4]. In this case, 
the nnit gronp in the ring of integers of Q{uj) is of rank 1. Onr calcula¬ 
tions in PARI suggest that, like the units in the Hasse-Bernstein 
unit is a fundamental unit in the ring 7j[u]. 

When we consider the full ring of integers of Q{uj), it appears that 
the Hasse-Bernstein unit is often a fundamental unit of the unit group. 
However, it appears that for each tuple (cq = l,Ci,C 2 ) and each m > 
3 satisfying the conditions of Theorem [H there are infinitely many 
positive integers t such that the index is 2. 

E.g., for m = 6 with (cq, ci, C 2 ) = (1, 0,1), define the sequence: oq = 
—8, oi = 33 and ak = —4afc_i — ak -2 -|- 4 for fc > 2. If t = 12a^ — 
a\_^ — 14afc -|- 2afc_i -|- 2 for fc > 1, then the group generated by the 
Hasse-Bernstein unit has index 2 in the full unit group. 

Also for m = 3 with (cq, Ci, C 2 ) = (1, 0,1) and t = — 1 with /c > 2, 

the index is 3. 

5.2. Hasse-Bernstein units from [11]. Something similar happens 
with the Hasse-Bernstein units in m- 

For example, with their family for their 4m -|- 1 where m = 1, we 
define the sequence: Oq = 0, Oi = —3 and = 6afc_i — ak -2 — 2 for 
k >2. If c = 4a^ — ttkttk-i — Gttk + ak-i + 2, then the group generated 
by the Hasse-Bernstein unit has index 2 in the full unit group. 

Also with their family for their 4m -|- 1 where c = 3 and their m is 
odd, the group generated by the Hasse-Bernstein unit has index 2. 

For their family for their 3m -|- 1, we give here just two examples. 
With c = 2 and c = 779, both with their m = 1, the groups generated 
by the Hasse-Bernstein unit have index 3 and 5 respectively. 

These examples answer negatively the questions in m about their 
Hasse-Bernstein units being fundamental units in Q(ci;). 

6. Remarks on f{X) in Theorem □ 

6.1. Irreducibility of f{X). We have not shown that the polynomi¬ 
als, f{X), in Theorem [1] are irreducible. Extensive computation sug¬ 
gests that they are, as well as the following more general conjecture. 

Conjecture 2. For n>2, let 

g{X) = X" - an-iX'^-^ -ao e Z[X], 

where On-i > an -2 > • • • > ai > 0 and On-i > ao > 1- Either 

(a) if On-i = an- 2 , then g{X) may be divisible by the cyclotomic 
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polynomial of order m where m\n and 1 < m < n, 

(b) if n is even, then g{X) may be divisible by 

(c) if n = 5 mod 6 , then g{X) may be divisible by d) 6 (X), or 

(d) g{X) is irreducible in Z[X]. 

6.2. Roots of f{X). In most other work on periodic JPA expansions, 
is associated with either an n-th root of a rational number or a 
Pisot number. Here, in many cases, a; is a Pisot number, but that is 
not always the case. This is another novel aspect to our examples. 

For example, if n = 4, (cq, ci, C 2 , C 3 ) = (1, 0,1,1), m = 4 and t = 1, 
then f{X) = X‘^ — 2X^ — 2X^ — 2 also has a root at a: = —1.13418 .... 

So there exist polynomials satisfying the conditions in Conjecture | 2 ] 
with a real root less than —1 when n is even. Such roots appear to be 
bounded below by the negative real root of x'^~^ + + 1. However, 

for n odd, such polynomials appear to have no real roots less than — 1 . 

There can also be non-real roots of f{X) outside the unit circle. 
E.g., if n = 4, (co. Cl, C 2 , C 3 ) = (1,0,0,1), m = 5 and t = 10, then 
f{X) = X^ — IIX^ — lOX^ — 11 has a pair of non-real roots with 
absolute value 1.1908 .... 
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